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The spacetime metric

ds2 = f−1
[

e2γ
(

dz2 + dρ2
)

+ ρ2 dφ2
]

− f ( dt− ω dφ)2 ,

with f , ω, and γ functions of z and ρ only.

We consider coupled Einstein-Maxwell equations:

electrovacuum case with a black hole,

axial symmetry, stationarity,

not necessarilly asymptotically flat.
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The spacetime metric

Finding the three metric functions:

• Standard approach: gµν → Γµ
νλ → Rα

βγδ → Gµν

• Exterior calculus: eµ(λ) → ωµνΩµν → Rα̂
β̂γ̂δ̂

→ Gµ̂ν̂

• Variation principle: L = −1
2ρf

−2∇f ·∇f + 1
2ρ

−1f2∇ω·∇ω

∇·
(

ρ−1
eφ×∇ϕ

)

= 0 ∀ϕ ≡ ϕ(ρ, z)

Vacuum field equations (without electromagnetic field):

f∇2f = ∇f ·∇f − ρ−2f4∇ω ·∇ω,

∇ ·
(

ρ−2f2∇ω
)

= 0.

Define functions ϕ(ρ, z), ω(ρ, z) by

ρ−1f2∇ω = eφ×∇ϕ,

f−2
∇ϕ = −ρ−1eφ×∇ω /∇·

The 24th RAGtime workshop, Opava (10-14 October 2022) – p.3



Ernst equation
Equation for ϕ is

∇ ·
(

f−2
∇ϕ

)

= 0.

Define E ≡ f + $ϕ. Then, both field equations can be
written in the form:

(%E)∇2E = ∇E ·∇E .
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Ernst equation
Equation for ϕ is

∇ ·
(

f−2
∇ϕ

)

= 0.

Define E ≡ f + $ϕ. Then, both field equations can be
written in the form:

(%E)∇2E = ∇E ·∇E .

Inclusion of electromagnetic field:

L′ = L+ 2ρf−1A0 (∇A)2 − 2ρ−1f (∇A3 − ω∇A0)
2

Variation principle for f , ω, A0, A3. Define Φ ≡ Φ(A0, A3),
E ≡ f − |Φ|2 + $ϕ:

(

%E + |Φ|2
)

∇
2E =

(

∇E + 2Φ̄∇Φ
)

·∇E ,
(

%E + |Φ|2
)

∇
2Φ =

(

∇E + 2Φ̄∇Φ
)

·∇Φ.
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Generating “new” solutions

Theorem. Let (Φ, E , γαβ) be a solution of Einstein-Maxwell
electrovaccum eqs. with anisotropic Killing vector field.
Then there is another solution (Φ′, E ′, γ′αβ), related to the old

one by transformation

E ′ = αᾱE , Φ′ = αΦ, . . . dual rotation, 'Fµν →
√

α/ᾱ 'Fµν ,

E ′ = E + $b, Φ′ = Φ, . . . calibration, no change in Fµν ,

E ′ = E − 2β̄Φ− ββ̄, Φ′ = Φ+ β, . . . calibration . . . ,

E ′ = E(1 + $cE)−1, Φ′ = (1 + $cE)−1,

E ′ = E(1− 2γ̄Φ− γγ̄E)
︸ ︷︷ ︸

Λ=1−B0Φ− 1

4
B2

0E

−1, Φ′ = (Φ+ γE)(1− 2γ̄Φ− γγ̄E)−1.

E → E ′ = Λ−1E , f → f ′ = |Λ|−2f, ω → ω′ = ?,

Φ → Φ′ = Λ−1(Φ−1
2B0E), ∇ω′ = |Λ|2∇ω+ρf−1(Λ̄∇Λ−Λ∇Λ̄).
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Examples

Example 1. Minkowski spacetime → Melvin universe:

ds2 =
[

dz2 + dρ2 − dt2
]

+ ρ2 dφ2.

f = −ρ2, ω = 0, Φ = 0, E = −ρ2, ϕ(ω) = 0.

f ′ = −Λ−2ρ2, ω′ = 0, Φ′ = 1
2Λ

−1B0ρ2,

Bz = Λ−2B0, Bρ = Bφ = 0,

ds2 = Λ2
[

dz2 + dρ2 − dt2
]

+ Λ−2 ρ2 dφ2.

Gravity of the magnetic field in balance with the Maxwell

pressure. Cylindrical symmetry along z-axis.
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Examples

Example 2. Schwarzschild BH → Schwarzschild-Melvin BH:

ds2 =

[
(

1−
2M

r

)−1

dr2 −

(

1−
2M

r

)

dt2 + r2 dθ2

]

+r2 sin2 θ dφ2,

f = −r2 sin2 θ, ω = 0, ρ =
√

r2 − 2Mr sin θ,

Br = Λ−2B0 cos θ, Bθ = −Λ−2B0(1− 2M/r) sin θ,

ds2 = Λ2
[

...
]

+ Λ−2 r2 sin2 θ dφ2.

B0 = 0 ... Schwarzschild solution,
r/M → ∞ ... Melvin solution,

|B0M | ' 1 ... Wald’s test field in the region 2M ' r ' B−1
0 .
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Examples

Example 3. Magnetized Kerr-Newman BH:

g = |Λ|2Σ
(

∆−1 dr2 + dθ2 −∆A−1 dt2
)

+|Λ|−2Σ−1A sin2 θ ( dφ− ω dt)2 ,

Σ = r2 + a2 cos2 θ, ∆ = r2 − 2Mr + a2 + e2,
A = (r2 + a2)2 −∆a2 sin2 θ are functions from the
Kerr-Newman metric.
Λ = 1 + βΦ− 1

4β
2E is given in terms of the Ernst complex

potentials Φ(r, θ) and E(r, θ):

ΣΦ = ear sin2 θ −$e
(

r2 + a2
)

cos θ,

ΣE = −A sin2 θ − e2
(

a2 + r2 cos2 θ
)

+2$a
[

Σ
(

3− cos2 θ
)

+ a2 sin4 θ − re2 sin2 θ
]

cos θ.
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Examples

The electromagnetic field in terms of orthonormal LNRF
components,

H(r) + iE(r) = A−1/2 sin−1θΦ′
,θ,

H(θ) + iE(θ) = − (∆/A)1/2 sin−1θΦ′
,r,

where Φ′(r, θ) = Λ−1
(

Φ− 1
2βE

)

.

The horizon: r≡r+ = 1 +
√

(1− a2 − e2), independent of β.
As in the non-magnetized case, the horizon exists only for
a2 + e2 ≤ 1.
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Examples

The range of angular coordinates versus the problem of
conical singularity: 0 ≤ θ ≤ π, 0 ≤ φ < 2π|Λ0|2, where

|Λ0|
2 ≡ |Λ(sin θ = 0)|2 = 1 + 3

2β
2e2 + 2β3ae+ β4

(
1
16e

4 + a2
)

.

The total electric charge QH and the magnetic flux Φm(θ)
across a cap in axisymmetric position on the horizon (with
the edge defined by θ = const):

QH = −|Λ0|
2$mΦ′ (r+, 0) ,

Φm = 2π|Λ0|
2%eΦ′

(

r+, θ̄
)
∣
∣
∣
θ
θ̄=0.
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Magnetic flux across a cap r = r+, θ = const
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(a) a = e = 0; (b) a = 1, e = 0; (c) a = 0.2, e = 0; (d) a = −e = 1/
√
2.

Here, γ ≡ (1 + β)−1, β ≡ B0M .
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Extreme magnetized Kerr-Newman BH
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Solid curves correspond to a fixed value of β in the range 〈0, 3〉; β = 0 is the case of

Kerr-Newman black hole with no external magnetic field. The lines of constant ratio a/e and

varying β are also plotted (dashed).
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The flux F (a, e) across the whole hemisphere 
θ=π/2

The surface is defined on the circle a2 + e2 ≤ 1 for a fixed value of β = 0.05. Four circles of
√

(a2 + e2) = 0.25, 0.5, 0.75, and 1.0 are shown. The shaded band on the surface, denoted

by “Z”, indicates where the total electric charge is zero. Q(a, e = 0) does not generally

vanish and its graph is shown by solid curve “Q”.The 24th RAGtime workshop, Opava (10-14 October 2022) – p.15



Thank you!



D i s c u s s i o n  s l i d e s

Assume E ≡ E(Φ) to be an analytic function →

(

%E + Φ2
) d2E

dΦ2∇Φ ·∇Φ = 0.

Assume further a linear relation,

E = 1− 2
Φ

q
, q ∈ C

New variable ξ:

E ≡
ξ − 1

ξ + 1
, Φ =

q

ξ + 1
,

[ξξ̄ − (1− qq̄)]∇2ξ = 2ξ̄∇ξ ·∇ξ.
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Generating “new” solutions

ξ0 → ξ = (1− qq̄)ξ0,

[ξ0ξ̄0 − 1]∇2ξ0 = 2ξ̄0∇ξ0 ·∇ξ0.

i.e.

(%E0)∇
2E0 = ∇E0 ·∇E0, E0 ≡

ξ0 − 1

ξ0 + 1
.

E0 is an “old” vacuum solution.
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